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The boundary-value problem is solved for the complete diffusion equation and then for the 
same equation with a chemical  react ion taken into account, for  the case of a liquid flow for 
which the width and length are  much l a rge r  than the thickness.  

The problem of diffusion in a thin liquid layer  in laminar  flow around a plate with a length and width 
much l a rge r  than the layer  thickness was solved in [1-4], but under various assumptions,  used to simplify 
the basic diffusion equation 

OC OC OC = D ( O"C O~C ) 
O---~ + v~ -O~x + vu a---y- ax 2 ~ oy2 . , (1) 

These solutions were found for the par t icu lar  cases in which this equation does not contain the t e rms  co r -  
responding to local, convective,  or  molecular  diffusion. As a consequence,  the solutions of the boundary- 
value problems for Eq. (1) for various initial and boundary conditions suffered f rom a loss of completeness .  
It is therefore  a ma t te r  of pract ica l  in teres t  to seek an effective method for  solving such problems for Eq. 
(1) in its complete form.  Below we take up one of these problems,  which is solved by the method of a com-  
plex two-dimensional  Four i e r  t ransformat ion  with infinite integration limits [5-7]. The problem involves 
seeking the function C (t, x, y) which determines  the concentrat ion of par t ic les  of the mater ia l  diffusing in 
a liquid flow of thickness 5 and of width and length much l a rge r  than 5. The initial condition is C(t, x, y)~=0 
= C (x, y) and the boundary conditions are  

OC ' = OyO---Q-C =~ Cl~== = - ~ x  ~== - -  o, cry== = o. 

The flow velocity is assumed known, the velocity components vx and Vy are given and are  independent 
of the coordinates ,  and the diffusion is assumed plane-paral le l ,  i . e . ,  independent of the coordinate z 
(Fig. 1). 

In this solution method, Eq. (1) is subjected to a Four i e r  t ransformat ion  with respect  to two variables,  
in our ease, the coordinates x and y; in this manner  the par t ia l  differential equation can be reduced to an 
ordinary  differentiaI equation for the t r ans fo rms .  It is a s impler  mat te r  to solve the la t ter  type of equation 
[5-7]. Under the assumption that the unknown function C (t, x, y) sat isf ies Diriehlet  conditions on the 

intervals (--~,  ~) along the x and y axes,  we can write the two-dimensional  
t r ans fo rm of this function as 

Fig. 1. Flow diagram. 

' I c(t  x, y exp + nyl exdy, c2) ~ ( t ,  ~, n ) =  2~ , 

We can write the function itself in te rms  of the t ransform:  

C(t, x, y i =  ~-I ff ~i'-~(t, ~, ~l)exp[_i([x @ ng)]d~dy" (3) 
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A c c o r d i n g l y ,  we find, for example ,  

1 

2~ 

2---~ ~ exp 
- - ~  - - o o  

- - - - i  ( i - ~ - t  expi~xdx)expiwdy 

aC (t, ~, y) dC (t, ~, 0) 
dt exp ioydy -- dt 

2n --~--exp ~(gx , og)dxdy = --  i~C(t, ~, 0); 

2~ ~ exp i ({x + ~lg) dxdy = --  ~zC (t, ~, n) (6) etc. 

(4) 

(5) 

(6) 

Mult iplying (1) t e r m  by t e r m  by 1/27r exp i (~x + ~y) and eva lua t ing  the double in t eg ra l s  of al l  t e r m s  in (1), 
as  in the p r e c e d i n g  e x a m p l e s ,  we find 

08 Ot + [D (~2 -t- 02) - -  i (v~ + Vy~l)] C = 0. (7) 

In eva lua t ing  the in tegra l s  like those in (4)-(6) we used  the bounda ry  condi t ions  spec i f i ed  in the f o r -  
mula t ion  of the p r o b l e m .  

Sepa ra t i ng  va r i ab l e s  in E q .  (7), we find 

d C _ [D(~ ~ + n 2) - -  i (v~ + vy0)] dt, 

and thus 

In C [D (~ q- ~32) - -  i (v~ -t- vy0)] t q- Cj 

o r  

= Co exp {--  [D (r § 0~-) _ i (Gr + vy0)] t}, (8) 

where  C 1 and C o a r e  a r b i t r a r y  cons t an t s .  To de t e rmine  the cons tan t  C o we use  the ini t ia l  condi t ion.  Since 
C (t, x,  y)I t = 0 = C (x, y), then the F o u r i e r  t r a n s f o r m  of the init ial  condi t ion b e c o m e s ,  a c c o r d i n g  to (2), 

(~, n) - t C (x, y) exp i (~x + W) dx@. (9) 

Subst i tu t ing this l a t t e r  equat ion into (8) we find, at  t = 0, U (~, ~) = Co; then the final e x p r e s s i o n  fo r  the 
solut ion of d i f fe ren t ia l  equat ion  (7) is 

(t, ~, n) = C (;, 0) exp {--  [D (~2 ~_ 02) _ i (v~ -~ vyq)] t}. (10) 

We find the solut ion of the t~oundary-value p r o b l e m  with which we a r e  c o n c e r n e d  he re ,  a c c o r d i n g  to (3), on 
the bas is  of this r e s u l t  fo r  C ( t ,  [ ,  7): 

1 i 2C( t ,  ~, ~l)exp[--i(~xq-Oy)]dxdy. (tl) C(t, x, y ) -  2~ 

Let  us apply these  r e su l t s  to a conc re t e  e x a m p l e .  We a s s u m e  C (t, x,  y) lt=0 = exp [--Ixt + lyl)] to be 
a funct ion which sa t i s f i e s  both the Di r i ch l e t  condit ions and the boundary  condi t ions  at  infinity-. Then  f r o m  
(9) we find 

1 
8(~, 0)--  2n. . exp[--(Ixi+lYl)lexpi(~x q-w)dxdg. (12) 
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w h e r e  

~exp ( - -  x) exp i~xdx -~ ~ exp [--  Ixt] (cos ~x + i sin ~x) dx 
- - o 0  - - o o  

= 2 .f exp ( - -  [xl) cos ~xdx + i exp ( - -  Ixl) sin ~xdx 
0 - - o o  

0O 

= 2 J" exp ( - -  x) cos ~xdx, 
0 

s ince  the s econd  i n t e g r a l  of  the odd funct ion  with r e s p e c t  to the s y m m e t r i c  i n t e r v a l  v a n i s h e s .  
of the i n t e g r a l  we f ind 

F o r  the r e s t  

2 / exp ( - -  x)cos ~,xdx = 2exp (- -x)(~ sin ~x - -  cos ~x) ~ 2 
] 1 + ~  o 1 + ~  " 
0 

Eva lua t i ng  the ou t e r  i n t e g r a l  in (12) we find 

The l a s t  i n t eg r a l  is [8] 

S exp ( - -  lYt) cos qydv + i . exp ( - -  [YI) sin nydy = 2 .t' exp ( - -  9) cos ~lydy. 
- - ~ o  - - c o  0 

2 
2 e x p ( - - y )  cos~lydy = - l + a l  ~ " 

0 

Then  the e x p r e s s i o n  f o r  C (t, ~, ~) b e c o m e s ,  a c c o r d i n g  to (10), (12)-(14),  

(t, ~, ~1) = 2 exp {--  [D (~2 + ~12) _ i (v~ @ vu~l)l t}. 
(1 + ~) (1 - In  ~) 

Us ing  the t r a n s f o r m  and E q .  (11) we find the so lu t ion  of the b o u n d a r y - v a i n e  p r o b l e m  to b e  
- - o o  oo 

c(t ,  x, v ) =  - U -  ,, o (1 + U ) O  +n-") 
- - 2 O  - - ~ 0  

• exp [ - -  i (~x + ~IY)] d~d~l. 

This  so lu t ion  can  be w r i t t e n  in a f o r m  m o r e  conven ien t  fo r  ca lcu la t ions :  

(13) 

(14) 

(is) 

(16) 

c (~, x, v )=  ~ 1 +  ~ aS 

exp [--D~l~t + i~l (vvt - -Y) I  dtl. (17) 
X 1 +~1 ~ 

Us ing  p r o p e r t i e s  of the i n t e g r a l s  of even  and odd func t ions ,  we can  c o n v e r t  the inne r  i n t eg ra l  in (17) (which 
we denote by I) to 

co 

i 
* e - - p U t  

I = 2 1 + ~2 cos (x - -  v~t) ~dr 
- - o o  

T o  eva lua te  this  i n t eg r a l  a p p r o x i m a t e l y  we r e p l a c e  the exponen t i a l  e x p r e s s i o n  by the f i r s t  t e r m s  in the 
c o r r e s p o n d i n g  p o w e r - s e r i e s  expans ion ,  f inding 

oo 

I" cos(x--v~t)~d~ ~ . I e x p ( v ~ t _ x ) _  l / ~  exp v~ t - -x  ] 
I ~ 2 .  (1 + D t ~ ) ( 1  _~_~2) -- 1- -D t  I/D-{ J" 

0 

F o r  the ou t e r  i n t eg ra l ,  I 1 , we find, ana logous ly ,  

1 1  ~ - -  
1 - -  D t  
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Taking  into accoun t  the " s y m m e t r y "  of the unknown solut ion,  we wr i te  

1 {exp [(v~ 2- vu ) t - -  (Ix[ § [y[)] 
C(t, x, y)~,  (1- -Dr)  = 

§ Dt exp ~ [(% § %) t - -  (Ix I q- IYl)I - -  IFDt exp v~ + I/DTJV'J ~ t, 

We now c o n s i d e r  the case  in which s o m e  c h e m i c a l  r e a c t i o n  causes  an addi t ion o r  loss  of diffusing 
p a r t i c l e s ;  this p r o c e s s  is o c c u r r i n g  s i m u l t a n e o u s l y  with the m o l e c u l a r  diffusion and the convec t ive  m a s s  
t r a n s f e r .  As was  shown in [31, if we take this addi t ion o r  loss  of p a r t i c l e s  into accoun t  on the bas i s  of the 
m a s s  ba lance ,  we find a compl i ca t i on  of Eq .  (1): 

ac § ac ( a~c a~c ) OC q_ v x _ _  vy § kC n = D - - - - §  (19) 
0--7- Ox ~ Ox ~ Ov ~ ' 

where  k is s o m e  cons tan t  which is a m e a s u r e  of the r e a c t i o n  ra te  and n is a na tu ra l  n u m b e r .  

To  show that  in this case  this p r o b l e m ,  with the s a m e  ini t ial  and boundary  condi t ions ,  can be so lved  
e f fec t ive ly  by m e a n s  of a double exponent ia l  F o u r i e r  t r a n s f o r m a t i o n ,  we se t  n = 1 to s impl i fy  the ca l cu l a -  
t lons .  Mult ip lying (19) t e r m  by t e r m  by 1/27r e x p i  (~x + ~y) and in tegra t ing  ove r  x and y,  o v e r  the in te rva l  
(_oo, oo), and us ing  

2i  C = 2n . C exp i (~x + W)  dxdy, 
- - o o  - - o o  

as  above ,  we f ind 

dC § [D (~2 q_ ~1 ~) q_ k - -  i (v ~ § v~n)] C -- O. (20) 
dt 

The gene ra l  so lut ion of  this l a t t e r  equa t ion  is 

C(t, ~, ~1) = C0exp {--[D(~ 2 q- ~l ~) § k - -  i ( v ~  § v~,l)] t}. (21) 

Since ,  a c c o r d i n g  to one of  ou r  condi t ions ,  the ini t ial  d i s t r ibu t ion  of  m a t e r i a l  in the flow is a funct ion of the 
c o o r d i n a t e s ,  C (t, x,  y) Jt = 0 = C (x, y), we have C o = C (~, ~?), and the so lu t ion  of Eq .  (20) can be wr i t t en  
f inal ly  as  

(t, ~, '1) = C(~, ~l) exp{- - [D(~  ' z ' -c ~1 ) ,-w k - -  i (vx~ § v,fl/)] t}. (22) 

We find the so lu t ion  of E q .  (19), on the o the r  hand,  which sa t i s f i e s  the ini t ia l  and boundary  condi t ions  to be 

1 
O C (t, ~, ~t) exp [--  i (gx if- W)] d~d~l. (2a) C(t, x, 9) - -  2a 

If  we c o n s i d e r  a p a r t i c u l a r  b o u n d a r y - v a l u e  p r o b l e m  fo r  Eq .  (19), with the ini t ial  condi t ion C (t, x,  y) It= 0 
= C (x, y) and the boundary  condi t ions  

i =0 Cl . . . .  , .-= = o ;  c b = ~ = ~ u = ~  

and if we s e t  C (x, y) = exp [ - - ( ix l  + [yl)] ,  as  in the example  above ,  then E q s .  (12)-(14) r e m a i n  val id ,  as  is 
e a s i l y  shown.  However ,  the equat ion  fo r  U (t, ~, 7/) b e c o m e s  

0 

(t, ~, ~1) = ~ exp {--  [D (~ + ~1 ~) + k - -  i (v~ + v,fil)] t}. (24) 
a ( l  + ~~ (1 + ~2) 

A c c o r d i n g l y ,  we find an equat ion  like (17) f o r  the d e s i r e d  funct ion:  

' 1 ~ e [ - D n u + ~ n % ! - y ) l d ' l (  ~2 
C (t, x, y ) =  u2ek r \ 1 + " 1 § ~I ~ 

- - ~  - - o n  

(2s) 

1 2 7 9  



Using the s a m e  approx imate  values for  the in tegra ls  I 1 and I, we find 

exp ( - -  kt) { 
C (t, x, y) ~ (1--Dr) ~- exp [(v~ + vY) t--(txh -t- ]Yl)] 

-t- Dt exp . ~ -  [(v~ § vy) t - -  (]xl -5 ]yl)l - -  ~rD-)- exp v, § ~ t, 

-- (Ix[ + ~ - ~ / J  

We see f r o m  this equation that when a chemica l  reac t ion ,  p roceeding  at  a ra te  c h a r a c t e r i z e d  by the constant  
k and a s soc ia t ed  with the absorp t ion  of diffusing m a t e r i a l ,  occurs  in the flow, the amount  of m a t e r i a l  in the 
flow is s m a l l e r  by a f ac to r  of exp kt than in a flow in which no reac t ion  occu r s .  
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